We interpret the neutrino anomalies in neutrino oscillation experiments and the high energy neutrino events at IceCube in terms of neutrino oscillation in a scenario where three light neutrinos become Pseudo-Dirac particles by introducing light sterile neutrinos on top of the standard model.
I. INTRODUCTION
eterized so as to keep the 3 × 3 PMNS mixing matrix for three active neutrinos unitary. In this model, there are no flavor changing neutral current interactions leading to the conversion of active neutrinos to sterile ones or vice versa. We will present new forms of neutrino oscillation probabilities modified by introducing new sterile neutrinos. The interference between active flavor and sterile neutrinos due to new additional oscillation parameters ∆m 2 and mixing angle θ triggers new oscillation effects which can be responsible for the explanation of SBL neutrino anomalies and very high energy neutrino events at IceCube. Based on the new formulae for neutrino oscillations, we will discuss how SBL neutrino anomalies can be explained or alleviated and accommodate the recent IceCube events. Constraints on the oscillation parameters coming from solar and atmospheric neutrino data, cosmological observation for the sum of active neutrino masses, effective neutrino mass in β-decay and neutrinoless-double-beta (0νββ)-decay experiments will be discussed.
This work is organized as follows. In section II, we discuss our model and study neutrino masses and mixings in the new framework. In section III, we study how the new parameters could be constrained through the cosmological data (the sum of active neutrino masses), and the effective neutrino masses in β-decay and 0νββ-decay experiments. In section I,V we develop the new active neutrino oscillation probabilities modified by incorporating new sterile neutrinos. And we study how SBL neutrino anomalies can be explained. In section V, we investigate how new effects due to sterile neutrino in the solar and atmospheric oscillations can be constrained by the SBL ν e (ν e ) disappearance and ν µ (ν µ ) disappearance channels, and examine whether the high energy neutrino events from IceCube data can be interpreted in terms of neutrino oscillation. In section VI, we state conclusions by summarizing this work.
II. MASSES AND MIXINGS
In the basis of interaction eigenstates, (ν L S c R )
T , where active neutrinos are in the up-stairs and sterile neutrinos are in the down-stairs, the most general renormalizable Lagrangian for neutrinos in the charged lepton basis reads
where g is the SU(2) coupling constant, θ W is the Weinberg angle, ℓ = (e, µ, τ ), ν L = (ν e , ν µ , ν τ ), and S R = (S 1 , S 2 , ...S n ). The light neutral fermions S α do not take part in the standard weak interaction and thus are not excluded by LEP results, while the number of active neutrinos coupled with the W ± and Z bosons is N ν = 2.984 ± 0.008 [20] . After electroweak symmetry breaking, Eq. (1) describes 3 + n Majorana neutrinos. In the case of n = 3 sterile neutrinos, the 6 × 6 Majorana neutrino mass matrix is
where the 3 × 3 mass matrices M D , M L , and M S are those for Dirac masses, left-and righthanded Majorana masses, respectively. In order to get physical parameters, we perform basis rotations from interaction eigenstates to mass eigenstates [10, 21] ,
where ξ L is the mass eigenstate of neutrino, with the 6 × 6 unitary neutrino transformation matrix W ν given by,
Then, the three light mass eigenstates obtained with the help of Eq.(4) become PseudoDirac particles. In the above expression, 0 3 is the 3 × 3 null matrix, I 3 is the 3 × 3 unit matrix, k=1,2,3, U R is an unknown 3 × 3 unitary matrix, V 1 = diag(1, 1, 1)/ √ 2, V 2 = diag(e iϕ 1 , e iϕ 2 , e iϕ 3 )/ √ 2 with ϕ i being arbitrary phases. We note that the 3 × 3 unitary matrix U L should be the PMNS neutrino mixing matrix responsible for the mixing among three active neutrinos. Then the neutrino mass matrix M ν is diagonalized as
This expression Eq. (5) represents that the Majorana mass matrices M L and M S , and Dirac neutrino mass matrix, M D in Eq.(2) are diagonalized by the mixing matrices U L and U R aŝ
The neutrino masses for the first and second generations lift slightly the degeneracy of masseigenvalues, and we get almost degenerate pairs of eigenstates with tiny mass differences:
the mass-squared differences in each pair ∆m 1 4 cos 2 2θ 3 sin 2θ 3 (∆S |, we expect that the effects of the pseudo-Dirac neutrinos for the first and second generations can be detected through ABL oscillation experiments [9, 10] , whereas that for the third generation can be measured through SBL oscillation experiments (or possibly long baseline oscillation experiments). The mass splittings will manifest themselves through very long wavelength oscillations characterized by 
where the hierarchical mass orderings (m ν 2 > m ν 1 ≫ m ν 3 and m ν 3 ≫ m ν 2 > m ν 1 ) are used.
And since the mass splittings ∆m 2 1(2) can modify the large mixing angle solution of the solar neutrino oscillations, they should be limited and detailed fits imply a bound [27] ∆m 2 1(2) < 1.8 × 10 −12 eV 2 at 3σ .
Thus, we simply ignore ∆m 2 1(2) in the study of short baseline neutrino oscillations .
III. CONSTRAINTS ON THE NEW OSCILLATION PARAMETERS
In this section, we present how the mixing parameters θ 3 and ∆S 2 31 (or ∆m 2 3 , actually, the mass scale of the third generation of sterile neutrino) could be constrained through the sum of three active neutrinos m ν [28] [29] [30] , and the effective neutrino masses in β-decay [31] as well as 0νββ-decay [32] experiments.
Oscillation experiments are unfortunately insensitive to the absolute scale of neutrino masses. Whereas cosmology is mostly sensitive to the total energy density in neutrinos, directly proportional to the sum of the active neutrino masses
We will mainly focus on cosmological observations as a probe of the absolute neutrino mass 
where a lower limit could be provided by the neutrino oscillation measurements.
In order to extract the new physics effects, first we investigate the influence of ∆S and mν e probed in tritium β decay (dotted lines). The black-dotted line corresponds to the upper bound mν e < 2.3 eV [35] , whereas the red-dotted line to a future sensitivity of mν e 0.20 [37] . The existence of sterile neutrino with the eV mass can also be constrained by β-decay experiments [31] and by 0νββ decay experiments [32] . 
In Fig. 1 , the black-dotted line corresponds to the upper bound mν e < 2.3 eV [35] , whereas the red-dotted line to a future sensitivity of mν e 0.20 [37] . As seen in Fig. 1 , the cosmological bounds given in Eq. (22) are still tighter than the constraints from tritium β decay.
The upcoming KATRIN experiment [37] planned to reach the sensitivity of mν e ∼ 0.20 eV will probe the region of the quasi-degenerate mass spectrum of the active neutrinos.
On the other hand, the 0νββ-decay rate [38] effectively measures the absolute value of the ee-component of the effective neutrino mass matrix M ν in Eq. (2). In the basis where the charged lepton mass matrix is real and diagonal, the 0νββ-decay rate can be expressed
Since the two mass eigenstates of first and second generations in each pseudo-Dirac pair have opposite CP parity, the third generation dominantly contributes to the ββ0ν-decay
, the 0νββ-decay rate,
Using Eqs. (17) and (18) one can easily see that ββ0ν-decay rate becomes almost zero, m ββ ≈ 0. Hence if the ββ0ν-decay rate is measured in near future the model would explicitly be excluded 7 .
7 Note that the claim of observation of 0νββ-decay of 76 32 Ge [39] is strongly disfavored by the recent results of the GERDA experiment [40] .
IV. SHORT BASELINE NEUTRINO ANOMALIES
Now, let us study how our model can help to resolve the so-called short baseline neutrino anomalies in terms of neutrino oscillations. To see how the new sterile neutrino states cause such new oscillations at short-baselines with neutrino trajectory less than 1 < km, let us bring out a conversion probability of new oscillations with the help of the neutrino mixing matrix Eq. (4). The conversion probability between the massive neutrinos that a neutrino eigenstate ν a becomes eigenstate ν b follows from the time evolution of mass eigenstates as
where a, b = e, µ, τ, s 1 , s 2 , s 3 , L is the distance between the neutrino detector and the neutrino source, E is the neutrino energy,
We are interested in the flavor conversion between the active neutrinos ν e , ν µ , ν τ satisfying the condition of Eq. (20) which leads to θ 1(2) ≈ 0. From Eq. (26) the flavor conversion probability between the three-active neutrinos can explicitly be expressed in terms of the oscillation parameters θ, ∆m 2 , L, E, and mixing components U αi of the 3 × 3 PMNS matrix as
where ∆Q
, and δ k3 = 1 for k = 3 and 0 for k = 3. In the model the mixing parameters θ and ∆m 2 are determined by nature, so experiments should choose L and E to be sensitive to oscillations through a given ∆m 2 . As expected, in the limit of m s i → m ν i and θ i → 0 (i = 1, 2, 3), P να→ν β becomes the standard form of conversion probability for three active neutrinos in vacuum, as shown in Ref. [20] . The model has interesting features listed below under the assumption of CPT invariance:
• From Eq. (27), we see that P να→να + P να→ν β + P νω→να ≤ 1 with α = β = ω = e, µ, τ , whereas the probabilities for the standard three-active neutrino oscillations satisfy the relation P να→να + P να→ν β + P νω→να = 1.
• The new oscillation effects attributted to ∆m
and ∆Q 2 k3 with i = 1, 2, 3 and k = 1, 2 in Eq. (27) can be maximum in the limit of θ 3 → π/2 (favored by the DNO and DIO), which can be relevant to short baseline neutrino experiments.
• In the limit of θ 3 → π/4 (favored by the IH, see Eq. (21)), the oscillatory term involving ∆m 2 k (with k = 1, 2) in Eq. (27) can give new oscillation effects only applicable to ABL oscillations. And thus, it is expected that this case could not provide a solution to the SBL anomalies.
To investigate the effects of new oscillations due to the new sterile neutrinos, we present approximated forms of neutrino oscillation probability based on the formula given by Eq. (27) , which are relevant to interpreting short baseline neutrino anomalies. At a distance satisfying L ≪ 4πE/∆m 2 Sol , 4πE/∆m 2 1(2) , the survival probability forν e is approximated as
We note that new oscillatory terms vanish in the limit of θ 3 = π/4, whereas they can reach maximum in the limit of θ 3 = π/2. In the limit that
L, the ν e disappearance probability Pν e→νe becomes
Similarly, the probabilities Pν µ→νe and Pν µ→νµ are approximately given by
The above formulae for the probabilities can be applied to not only the experimental data from LSND and MiniBooNE but also the reactor neutrino flux anomaly. The expressions Eqs. (29, 30, 31) can be compared with those in the 3+1 model [18, 19] given by
where α, β = e, µ, τ, s. The oscillation amplitudes depend only on the absolute values of the elements in the forth column of the mixing matrix in the 3 + 1 model,
Then, ∆S , the antineutrino probability in Eq. (29) is approximately given by
where the terms including ∆S 2 31 are averaged out. Now, let us examine how the SBL anomalies can be resolved or alleviated by the formulae given above. Note that all plots in what follows are based on the exact formulae in Eq. (27) and for comparison we use the best-fit values of NO in Eq. (16) unless otherwise noted.
A. New Interpretation of Reactor Neutrino Results
In order to probe the effects of the new sterile neutrino from the experimental results obtained at the reactor neutrino experiments, Daya Bay, RENO and Double Chooze (see Ref. [41] ), we interpret them in terms of neutrino oscillations including the new sterile neutrino by using the new reactor antineutrino probability in Eq. (34) . Adopting ∆m 2 31 by the values determined from atmospheric neutrino oscillation, we can obtain new values of θ 13 along with θ 3 by equating Eq. (34) with the value ofν e survival probability for the threeactive neutrino oscillation given by
4Eν e L = 0.914
where the numerical result is obtained by taking L = 1.8 km, Eν e = 3. 
In the right panel of Fig. 2 , we fix Eν e = 3.5 MeV and ∆S 
B. Reactor Neutrino Flux Anomaly
The reactor antineutrino anomaly [11] is the experimental result presenting a deficit of the rate ofν e in several SBL reactor neutrino experiments with L ∼ (10 − 100) m and is relevant to use the probability given by Eq. (29) . We note that the reactor neutrino flux anomaly is not clearly explained at L 500 m as in the 3+1 model [18, 19] : Eq. (29) clearly depends on the electron antineutrino energy Eν e and its flight length L, and the nature of 8 If the sum of active neutrino masses constrained by PLANCK data in Eq. (22) is relaxed making the value of θ 3 large i.e. θ 3 > 1.28, the value of θ 13 can also be enhanced and in turn the LSND/MiniBooNE anomaly could be explained as seen in the following section. [47] 9 .
C. LSND anomaly and MiniBooNE data
The LSND experiment [14] reported observation of a statistically suggestive excess of ν e events in a beam ofν µ produced by µ + decay at rest, µ + → e + + ν e +ν µ with 3.8σ significance 10 . The MiniBooNE experiments also observed ν e andν e appearance in ν µ and ν µ beams, respectively having the same L/E as in LSND [15] . In the left panel of Fig. 3 , the 9 The recent NEOS and DANSS results [47] have a tension with the Gallium and reactor anomalies in the 3+1 model [19] , while their results show a preference on our model predictions. 10 The similar KARMEN collaboration [48] did not measure any excess ofν e events over the background at a mean distance L ≃ 17.7 m with Eν µ = 12 ∼ 52.8 MeV, which did not fully exclude the LSND result.
black error bars stand for the LSND [14] data and the blue (red) error bars stand for the MiniBooNE data excess in (anti-)neutrino mode, at the baseline 541 m from the beryllium target, in particular, in the interval of energies 200 < E ν < 475 MeV, which corresponds to L/E range beyond that probed in the LSND experiment [15] . It has been shown that the observed excesses in MiniBooNE experiment are in agreement with the LSND result, and provide a good fit to a large ∆m 2 solution in a two-neutrino oscillation framework, even though the two experiments have completely different neutrino energies, neutrino fluxes, reconstruction, backgrounds, and systematic uncertainties. The LSND and MiniBooNE excesses could be explained byν µ →ν e oscillation whose probability is given by Eq. (30) . As in the case of 3 + 1 model [18, 19] , to explain the excess ofν e events, we need ∆S it seems that the ν e (blue-bars) andν e (red-bars) modes in MiniBooNE data, in principle, could be discriminated by considering the CP violating term in Eq. (27) . In the model setup, however, it seems not possible to discriminate between them within the short baseline due to the CP violating terms proportional to −4 sin(∆m 2 21 L/2E). In addition, searching for theν e appearance in LSND and MiniBooNE also impliesν µ disappearance whose oscillation probability is given by Eq. (31). In the right panel of In addition, such ν µ disappearance oscillation effect could be observed at L/E ∼ 1.2
[m/MeV] with E νµ ∼ 0.5 GeV and L = 600 m in the Short-Baseline Neutrino (SBN) Program experiment [54] for the same model parameters in Fig. 3 . And, at the far detector (L = 735 km) a possibility on searching for signatures of sterile neutrinos in the ν µ disappearance by using Eq. (31) will be considered in section V B.
D. Earth matter effects
Let us explore the Earth matter effect [25, 55] by examining the propagation of atmospheric neutrinos produced in cosmic-ray air showers from the Earth's atmosphere to the inside of the Earth. When muon neutrinos pass through the Earth matter, the MSW effect [25] should be taken into account. Path-length ranges from 10 km to 1.27 × 10 4 km depending on arrival zenith angle. The matter density encountered by neutrinos propagating is on average ρ ⊕ ∼ 3 g/cm 3 in the Earth's crust and outer mantle, ∼ 5 g/cm 3 in the inner mantle, and between 10 and ∼ 13 g/cm 3 in the core [56] . Muon neutrino oscillations modified due to matter effects can produce distinctive signatures of sterile neutrinos in the large set of high energy atmospheric neutrino data (both in the TeV energy window from
IceCube [57] and at lower energy from DeepCore [51] ). For E ν > 100 GeV, three-active neutrino oscillation length larger than the diameter of the Earth and can be neglected. In order to find appropriate physics parameters (θ, ∆m 2 , L, E) for atmospheric neutrino oscillations, we consider the effective Hamiltonian in-matter H m in flavor basis, which has the form of 6 × 6 matrix
where k = 1, 2, 3 and α = e, µ, τ . Here the parameters A α = 2E m V α is a measure of the importance of matter effect with the matter-induced effective potential; V e , V µ , V τ , and 
The diagonalization of H m by the unitary matrix W m in matter gives a condition
and its effective mass-squared eigenvalues in matter which are positivẽ
For θ 1(2) ∼ 0 corresponding to ∆m 2 1(2) < 10 −12 eV 2 in Eq. (20) we assume no Earth mat- 
and sin 2(θ 0, 1, 2, 3, ...) , the matter effect gets faded. In Fig. 4 we plot the effective mass-squaredm
, implying that matter effect becomes negligible for the muon neutrinos with energies ≫ 1 GeV passing through the interior of Earth. Hence, it is expected that the ν µ ( orν µ ) disappearance probability for high energy (≫ 1 GeV) muon neutrinos passing through the Earth interior to search for the oscillation signatures of light sterile neutrinos is the same as the one in vacuum-like derived in Eq. (26) .
Recently, the high-energy IceCube detector has measured the atmospheric muon neutrino spectrum at energy E νµ = 320 GeV ∼ 20 TeV in hope of finding the oscillation signatures of light sterile neutrinos [57] , but no evidence for anomalous ν µ orν µ disappearance is observed. The results coincide with the model prediction on the matter effects at the same energy window, contrary to the models in Refs. [58] [59] [60] [61] [62] [63] which has a tension with ν µ (orν µ ) disappearance experiments. And the IceCube sub-detector DeepCore at energy window of atmospheric muon neutrinos 10 ∼ 100 GeV [51] can also have potential to search for the signature of light sterile neutrinos as discussed in the next section.
V. NEW EFFECTS IN SOLAR AND ATMOSPHERIC OSCILLATIONS
Now, let us examine the oscillation effects due to the sterile neutrinos on the long baseline experiments such as KamLAND [20] , T2K [64] (42) is almost the same as the expression for the standard oscillation probability for three-active neutrinos because the new term concerned with θ 3 is negligible due to the tiny value of sin It has performed a search for ν e disappearance in a neutrino beam whose ν e component is peaked at an energy of 500 MeV [64] . From Eq. (42) in the limit L ≪ 4πE νe /∆m 2 21 the ν e disappearance probability driven by the sterile neutrino can easily be obtained for the baseline of 280 m, and it shows that its effect on sterile neutrino is negligible due to the tiny value of sin 4 θ 13 .
B. New effects in ν µ disappearance from SuserK and IceCube
In addition to the TeV muon neutrinos discussed in previous section, the IceCube Collaboration can also have potential to search for the signature of light sterile neutrinos by observing atmospheric neutrinos in the tens-of-GeV range through its sub-detector DeepCore (for reference, see Ref. [51] ). The atmosphere of the Earth is constantly being bombarded by cosmic rays, primarily made up of protons and helium nuclei produced by atmospheric objects [20] . These cosmic rays have been observed over a wide range of energy, from 1 GeV to 10 11 GeV. We recall atmospheric neutrinos with energy of ∼ a few GeV which are mostly produced by primary cosmic rays with energy of ∼ 100 GeV [20] . According to the threeactive neutrino oscillation probability, large deficits of muon neutrino have been observed in upward-going events and at L/E ∼ 230 km/GeV [20] as shown by blue sinusoidal curves in Fig. 5 which is well consistent with the Super-Kamiokande's atmospheric neutrino data [53] .
For the baselines L ≪ 4πE/∆m 
where ∆m L is averaged out. As expected, the new oscillation probability for ν µ (orν µ ) disappearance given in Eq. (43) can be sizably deviated depending on the the parameters ∆S 2 31 , θ 3 from the three-active neutrino oscillation probability. From Eqs. (43) and (44), we easily see that 1 − P νµ→ντ − P νµ→νµ ≥ P νe→νµ in vacuum. At a distance L ≪ 4πE/∆m 2 Sol , 4πE/∆m 2 1(2) , the probability Pν µ→νe (= P νe→νµ ) is given by
L in Eq. (45) is averaged out.
The left panel of Fig. 5 shows ν µ survival probability as a function of L/E(km/GeV),
where the blue sinusoidal curve and the cyan rapid oscillations stand for the probability predicted from the standard form of probabilty for three active neutrinos and that from the new oscillation probability with parameters θ 3 = 1.28 and ∆S 2 31 = 0.6 eV 2 , and the data points are atmospheric neutrino events observed in Super-Kamiokande [53] . As shown in the plot the atmospheric neutrino data from Super-Kamiokande [53] are well consistent with the new ν µ ↔ ν τ oscillation (cyan curve), showing the first oscillation dip appeared at ∼ 500 km/GeV, and interestingly enough, the error bars with red-circle showing large deficits compared with the results in the three-active neutrino framework are also well consistent with the new oscillation curve, which may be due to the existence of new sterile neutrino. 4E L being averaged out. In the left plot the data points represent the atmospheric muon neutrino events observed in Super-Kamiokande [53] .
Since the high energy muon neutrinos (10 ∼ 100 GeV) passing through the interior of the Earth are little affected by matter in this model, it is expected that the IceCube sub-detector DeepCore results [51] are similar to that provided by Super-Kamiokande atmospheric neutrino data [53] representing no evidence for light sterile neutrinos. In addition to the IceCube DeepCore results [51] , the track-like muon events selected in the MINOS and MINOS+ data [41] shows the first oscillation dip at ∼ 500 km/GeV mainly due to the muon neutrino oscillation into not sterile neutrinos but tau neutrinos.
However, there exists a possibility to probe the existence of sterile neutrinos by comparing the results of P νµ→νµ with those of 1 − P νµ→ντ . In fact, both results are almost equivalent for the standard oscillation for the three-active neutrinos. But, they are different for the new oscillation affected by the sterile neutrinos. In the right panel of Fig. 5 , we plot 1 − P νµ→ντ , where the blue sinusoidal curve and the cyan oscillation curve correspond to the standard three-active neutrino oscillations and new oscillation with θ 3 = 1.28, ∆S 2 31 = 0.6 eV 2 , respectively. In the ν µ ↔ ν τ oscillation, the oscillation parameters are fixed to the best-fit values 12 for NO given in Eq. (16) . Such discrepancy between P νµ→νµ and 1 − P νµ→ντ would be proved through both the ν µ → ν τ appearance experiments and the ν µ disappearance experiments in the future. Recently, the OPERA collaboration has confirmed that muon neutrinos pri- 12 As the uncertainty of θ 23 is large its impact on the result is not negligible.
marily oscillate into tau neutrinos [67] . In the case ofm
, as shown in Fig. 4 , an MSW resonance is expected to occur in multi-GeV, similar to the standard oscillation for the three-active neutrino [20] , for the atmospheric and accelerator ν e,µ neutrinos traveling in earth matter with the propagation eigenstates of active neutrinos [25] .
VI. CONCLUSION
We have proposed a convincing model containing sterile neutrinos to interpret both SBL neutrino anomalies and high energy neutrino data observed at IceCube in terms of neutrino [47] which are in a tension with the Gallium and reactor anomalies as in 3+1 model [19] .
We have shown that the LSNDν e appearance data favors probability driven by θ 3 ∼ 1.28
with ∆S [54] . In addition, we have studied the earth matter effect, and found that it is negligible for muon neutrinos having energies ≫ 1 GeV when they pass through the interior of the Earth. 
